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Intro and bibliography
Disclaimer
This document contains slides for my Risk Management course’s lessons.
Thus:
important results are only sketched
slides contain errors or imprecision
mathematical concepts are not properly presented (only sketched)
these notes are not substitute in any way of a good book
Paolo Foschi (Univ. of Bologna) Risk Management I Feb-Mar 2017 4 / 122
Intro and bibliography
Bibliography and suggested readings
Damir Filipovic`, “Term-Structure models, A Graduate Course”,
Springer Finance
A. McNeil, R. Frey and P. Embrachets “Quantitative Risk
Management”, Princeton Series in Finance
R. Cesari, “Introduzione alla Finanza Matematica”, Springer
Also...
J. Hull, “Options, Future and Other Derivatives”
M. Musiela and M. Rutkoswki, “Martingale Methods in Financial
Modelling”, Springer
D. Lando, “Credit Risk Modeling”, Princeton Series in Finance
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Background
Background
2 Background
The algebra of Differential Equations
Algebra of Stochastic Differential Equations
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Background
Returns
Simply compounded return rate:
Vt+h = Vt(1 + Rth), Rt =
1
h
· Vt+h − Vt
Vt
Continuously compounded return rate:
Vt+h = Vte
rth, rt =
1
h
· log(Vt+h/Vt)
Note that:
Rt =
1
∆t
· ∆Vt
Vt
rt =
∆ log(Vt)
∆t
For small intervals the two rates are almost the same: Rt → rt for
h→ 0.
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Background
Time Aggregation
Vt+h = Vte
rth,
Vt+2h = Vt+he
rt+hh = Vte
(rt+rt+h)h
Vt+nh = Vt exp
(
(rt + rt+h + · · ·+ rt+(n−1)h)h
)
and for h→ 0
VT = Vt exp
(∫ T
t
rudu
)
.
Otherwise:
log(Vt+nh) = log(Vt) +
n−1∑
i=0
rt+iδδ (discrete time),
log(VT ) = log(Vt) +
∫ T
t
rudu (continuous time).
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Background
Taylor Expansion
If f is regular enough then,
1st order Taylor Expansion (linear approximation):
f (y) = f (x) + f ′(x)(x − y) + R1(x , y),
R1(x , y) = O(|x − y |2‖f ′′‖).
2st order Taylor Expansion (quadratic approximation):
f (y) = f (x) + f ′(x)(x − y) + 1
2
f ′′(x)(x − y)2 + R2(x , y),
R2(x , y) = O(|x − y |3‖f ′′′‖).
The Taylor rule can also be written as follows
∆f (x) = f ′(x)∆x +
1
2
f ′′(x)(∆x)2 + O(∆x)3,
where ∆f (x) = f (x +∆x)− f (x).
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Background The algebra of Differential Equations
The Algebra of Differential Equations
Here yt denote a function of t ∈ R with values on R.
Assuming αt differentiable, the equation
dyt = αtdt
stands for
dyt
dt
= αt .
More generally, under appropriate conditions, it is a notation for∫ t1
t0
dyt =
∫ t1
t0
αtdt, ∀t1 > t0.
The LHS is easy to compute:
∫ t1
t0
dyt = yt1 − yt0 .
When α does not depends on y the solution has the form yt = yt0 +
∫ t
t0
αsds.
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Background The algebra of Differential Equations
DE = find the function yt which has derivative αt
dyt = αtdt, α0
αt
α0 t
yt
t
αt
When α does not depend on y , the solution is an integral of αt
Often: αt = αt(yt):
dyt = αt(yt)dt
We may need some tricks.
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Background The algebra of Differential Equations
dy = −λydt
Consider now the following DE,
dyt = −λytdt, (1)
which can’t be directly solved since y appears also in the RHS.
Trick: yt = e
xt (implicit assumption: yt > 0).
Chain rule for Differentials (on euclidean geometries): df (x) = f ′(x)dx .
Then,
dyt = e
xtdxt = ytdxt .
Replacing in (1):
ytdxt = −λytdt.
Then dxt = −λdt, that is xt = xt0 − λ(t − t0).
Back to y = ex :
yt = yt0e
−λ(t−t0).
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Background The algebra of Differential Equations
dy = −λ(y − θ)dt.
The DE is now:
dyt = −λ(yt − θ)dt
The trick is zt = yt − θ.
dzt = dyt since the differential of a constant is zero.
Then, dzt = −λztdt and so zt = zt0e−λ(t−t0).
Back to yt = zt + θ:
yt = θ + (zt0 − θ)et−t0 .
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Background The algebra of Differential Equations
Exponential Moving Averages
Consider a function yt given by
yt =
∫ t
−∞
λe−λ(t−s)xsds.
for some function xt : R→ R.
Its derivative is
dyt
dt
=
[
λe−λ(t−s)xs
]
s=t
+
∫ t
t0
λ
d(e−λ(t−s))
dt
xsds
= λe−λ(t−t)xt +
∫ t
t0
(−λ2e−λ(t−s))xsds = λxt − λyt
Then yt is a solution to the DE (for t > t0)
dyt = −λ(yt − xt)dt,
with the initial condition y0 =
∫ 0
−∞ λe
−λ(0−s)xsds.
Some adjustments are needed for a different initial condition.
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Background The algebra of Differential Equations
Exponential Moving Averages I
yt =
∫ t
−∞
xsλe
−λ(t−s)ds.
The integrand is the product of the functions xs and λe
−λ(t−s)
t
s
yt is an average of xs on (−∞, t]
λe−λ(t−s) is the weight function (it integrates to 1 on (−∞, t))
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Background The algebra of Differential Equations
Exponential Moving Averages II
recent history (t − s small) is more important than ancient times (t − s
large).
λ controls memory: a smaller λ implies more memory.
t
λ = 1
λ = 2
This exponential average is computed for each t
The effect is a smoothing of the function xt .
The derivative of yt exists and is finite whenever xt is finite.
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Background Algebra of Stochastic Differential Equations
SDEs
dyt = µtdt + σtdWt
µtdt
t t + dt
Density of yt + dyt
yt
In an interval dt, the step of yt is dyt which is (roughly speaking):
dyt ∼ N(µtdt, σ2t dt).
Starting from (t0, y0), yt (at time t) is the “sum” of all the steps dys ,
s ∈ [t0, t).
Each step is normally distributed.
If the steps are independent their sum is also normally distributed.
Paolo Foschi (Univ. of Bologna) Risk Management I Feb-Mar 2017 17 / 122
Background Algebra of Stochastic Differential Equations
Itoˆ geometry
Consider the Taylor expansion: ∆f (x) = f ′(x)∆x + 12 f
′′(x)(∆x)2+O(∆x)3.
In infinitesimal terms Taylor is given by
df (x) = f ′(x)dx +
1
2
f ′′(x)(dx)2 + O(dx)3. (2)
We are used to the fact that dx2 is an infinitesimal of higher order than dx
and thus df (x) = f ′(x)dx , full stop.
In the Itoˆ geometry things are a bit different: dW 2t = dt.
Consider the process: dxt = µtdt + σtdWt : then
(dxt)
2 = µ2tdt
2 + 2µtσtdt dWt + σ
2
t dW
2
t .
Cancelling the higher order terms it gives (dxt)
2 = σ2t dt, then from (2):
df (xt) = f
′(xt)dxt +
1
2
σ2t f
′′(x)dt.
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Background Algebra of Stochastic Differential Equations
Itoˆ’s Lemma
Let xt have the dynamics
dxt = µtdt + σtdWt
and let yt = f (xt), then
dyt = f
′(xt)dxt +
1
2
σ2t f
′′(x)dt
= (µt f
′(xt) +
1
2
σ2t f
′′(x))dt + σt f ′(x)dWt .
Example:
dxt = µdt + σdWt and yt = f (xt) = e
xt
f ′(xt) = ext = yt , f ′′(x) = yt .
Then:
dyt = (µ+
1
2
σ2)ytdt + σytdWt
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Background Algebra of Stochastic Differential Equations
Itoˆ integrals
In order to handle solutions to SDEs of the form dxt = µtdt + σtdWt it is
necessary to consider integrals of the form
I =
∫ t1
t0
gtdWt .
We will use the following result.
If gt is deterministic then
I ∼ N
(
0,
∫ t1
t0
g2t dt
)
.
If gt is an “adapted process”
1 then E[I] = 0.
Roughly speaking, I is the sum of several terms of the from gtdWt , then
since E[dWt ] = 0, also that sum has a null expectation.
1Check on some stochastic calculus book
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Background Algebra of Stochastic Differential Equations
Brownian motion with drift
Consider the SDE
dxt = µdt + σdWt , given x0.
The solution is
xt − x0 =
∫ t
0
µds +
∫ t
0
σdWs = µt + σ
∫ t
0
dWs .
Then, xt is normally distributed with
E[xt ] = x0 + µt, Var(xt) = σ
2t.
More generally, if µt and σt are non-constant, but deterministic:
dxt = µtdt + σtdWt ,
then, again xt is normally distributed and
E[xt ] = x0 +
∫ t
0
µsds, Var(xt) =
∫ t
0
σ2s ds.
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Background Algebra of Stochastic Differential Equations
Geometric Brownian motion (with drift)
Consider the SDE
dxt = µ xtdt + σxtdWt , given x0 > 0.
Trick. Change of variables: yt = log(xt) or xt = e
yt .
Apply Itoˆ on f (xt) = log(xt) (f
′(x) = 1/x and f ′′(x) = −1/x2).
dyt =
1
xt
dxt − 1
2
1
x2t
(dxt)
2
=
1
xt
µxtdt +
1
xt
σxtdWt − 1
2
1
x2t
σ2t x
2
t dt
= (µ− 1
2
σ2t )dt + σdWt .
Then
yt − y0 ∼ N((µ− 12σ2t )t, σ2t);
xt ∼ x0e(µ− 12σ2t )t+z with z ∼ N(0, σ2t);
xt has a log-normal distribution.
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Background Algebra of Stochastic Differential Equations
OrnsteinUhlenbeck or mean-reverting processes I
The SDE is
dxt = −λ(xt − θ)dt + σdWt .
Consider yt = e
λtxt then
dyt = e
λtdxt + d(e
λt)xt = e
λtdxt + λe
λtxtdt
= eλt(dxt + λxtdt) = e
λt(−λxtdt + λθdt + σdWt + λxtdt)
= eλt(λθdt + σdWt).
Then, integrating,
yt − yt0 = θ
∫ t
t0
λeλsds + σ
∫ t
0
eλsdWs
= θ
(
eλt − eλt0
)
+ σ
∫ t
0
eλsdWs ,
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Background Algebra of Stochastic Differential Equations
OrnsteinUhlenbeck or mean-reverting processes II
and going back to xt :
eλtxt = e
λt0xt0 + θ
(
eλt − eλt0
)
+ σ
∫ t
0
eλsdWs .
Thus,
xt = e
−λ(t−t0)xt0 + θ
(
1− e−λ(t−t0)
)
+ σ
∫ t
0
e−λ(t−s)dWs .
Then, conditioned on the information at t0, xt is normally distributed with
expectation and variance given by
E[xt | Ft0 ] = e−λ(t−t0)xt0 + θ
(
1− e−λ(t−t0)
)
,
Var[xt | Ft0 ] =
σ2
2λ
∫ t
t0
2λe−2λ(t−s)ds =
σ2
2λ
(
1− e−2λ(t−t0)
)
.
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Background Algebra of Stochastic Differential Equations
OrnsteinUhlenbeck or mean-reverting processes III
For t →∞ the initial condition is irrelevant and
E[xt | Ft0 ]→ θ, Var[xt | Ft0 ]→
σ2
2λ
.
Analogously, for t0 → −∞ (check the stoch. proc. course for that concept):
E[xt | Ft0 ]→ θ, Var[xt | Ft0 ]→
σ2
2λ
.
The SDE is dxt = −λ(xt − θ)dt + σdWt . At time t there are two forces
σdWt which randomly drives the process,
−λ(xt − θ)dt which pulls xt towards θ.
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Asset pricing (no arbitrage pricing)
Asset pricing (no arbitrage pricing)
3 Asset pricing (no arbitrage pricing)
Market Assumptions
Portfolios, self-financing and arbitrages
European derivatives and hedging
Complete Markets
The fundamental theorems of asset pricing
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Asset pricing (no arbitrage pricing) Market Assumptions
The Bank Account
dBt = rtBtdt, B0 = 1,
Bt represents the time t value of a time-0 unitary deposit in a
risk-free bank account
rt is the instantaneous return of that bank account
Solution to the diff. eqn.: Bt = exp(
∫ t
0 rudu).
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Asset pricing (no arbitrage pricing) Market Assumptions
Market I
The market
Our market consists of a set of assets S1, S2, . . . , Sn (tradables), a set of
times t ∈ T when these assets can be traded. The price of the asset i at
time t is denoted by Si ,t
The vector of prices S1,t , . . . , Sn,t is n-dimensional stochastic process
defined in some probability space (Ω,F ,Pmkt) endowed with some
filtration Ft . Prices are processes adapted to the filtration Ft .
Buy-and-hold: assets can be bought at some time t with price Si ,t ,
kept until τ > t and then sold with price Si ,τ in any quantity (even
negative).
Trading does not affect prices (investors are marginal to the market)
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Asset pricing (no arbitrage pricing) Market Assumptions
Market II
Assets with no dividends and no cost-of-carry fall into that definition
To take into account assets paying dividends the above definition
needs to be changed
Examples:
The bank account could be an asset in the market
A vault can be an asset: put money in=buy, keep money there=hold
VIX index is not tradable
CPI index (inflation index) can be traded: buy the same basket of
goods
stock exchange indices are tradable: buy the same basket of stocks
(may need rebalancing)
Oil or gas are tradable (need reservoirs for buy-and-hold)
Weather (i.e. sun, snow or rain) is not tradable (no buy-and-hold)
Electricity is not directly tradable. Reservoirs (lakes) are not big
enough.
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Asset pricing (no arbitrage pricing) Market Assumptions
Market III
To take into account for bid/ask prices each asset needs to be
duplicated (bid asset and ask asset) and market should not allow for
short selling
Large investors. A large trade moves the market price. In this case
the auction mechanism is directly modeled. Each asset is split into a
set different assets each one having a different price and limited
availability (constraints into the trades).
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Asset pricing (no arbitrage pricing) Portfolios, self-financing and arbitrages
Portfolio
A portfolio is a set of n adapted processes α1,t , . . . , αn,t representing the
quantity of each asset. The value of the portfolio at time t is given by
Vt(α) =
∑
i
αi ,tSi ,t .
At time t the PF is rebalanced with a cost
∑
i Si ,t∆αi ,t
market moves (1 time step) causing a PF variation
∑
i αi ,t∆Si ,t
Then:
∆Vt
∑
i ,t
Si ,t∆αi ,t +
∑
i ,t
αi ,t∆Si ,t .
A PF is self-financing if rebalancing cost is null:
∆Vt =
∑
i
αi ,t∆Si ,t
(∑
i
∆αi ,tSi ,t = 0
)
In continuous time: dVt =
∑
i αi ,tdSi ,t , (
∑
i Si ,tdαi ,t = 0)
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Asset pricing (no arbitrage pricing) Portfolios, self-financing and arbitrages
Example
Single period economy: two times t = 0 and T = 1.
3 assets with prices 95, 90 and 110 at time 0
3 states (ω1, ω2, ω3), with probabilities (0.3, 0.3, 0.4).
Prices of the assets at time 0 and 1:
Time 0 1
Scenario ω1 ω2 ω3
S1 95 100 100 100
S2 90 100 100 0
S3 110 -100 0 200
Probs 1.0 0.3 0.3 0.4
In this case a PF is a set of 3 quantities: Vt = −2×S1,t +1×S2,t +1×S3,t :
ω1 ω2 ω3
V 10 -200 -100 0
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Asset pricing (no arbitrage pricing) Portfolios, self-financing and arbitrages
Example: self financing portfolio
Two assets S1 and S2 and 3 times (2 steps).
Self financing portfolio: at time t = 1 the portfolio is rebalanced in both the
scenarios without the need of injecting new liquidity.
I.e. 2.70 = 2× 0.95 + 1× 0.80 ' 2.5× 0.95 + 0.41× 0.80.
α1,t S1,t
α2,t S2,t
Vt
2 0.90
1 1.00
2.80
0.00(2) 0.95
2.73(1) 1.10
3.00
0.00 1.00
2.73 1.20
3.27
0.00 1.00
2.73 1.00
2.73
2.50(2) 0.95
0.41(1) 0.80
2.70
2.50 1.00
0.41 1.10
2.95
2.50 1.00
0.41 0.50
2.70
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Asset pricing (no arbitrage pricing) Portfolios, self-financing and arbitrages
Arbitrage
Arbitrage or free-lunch
An arbitrage is a self-financing portfolio with value V0 = 0 at time t = 0
and value VT at time T > t such that
Pmkt [VT ≥ 0] = 1, Pmkt [VT > 0] > 0.
That is, an arbitrage is a PF that has zero (initial and financing) cost
and giving almost surely no losses and gains with some positive
probability losses.
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Asset pricing (no arbitrage pricing) Portfolios, self-financing and arbitrages
Example: arbitrage
Time 0 1
Scenario ω1 ω2 ω3
S1 95 100 100 100
S2 90 100 100 0
S3 110 -100 0 200
Probs 1.0 0.3 0.3 0.4
The portfolio V = 22S1 − 22S2 − S3 is an arbitrage
ω1 ω2 ω3
V 0 100 0 2 000
Vt = 0
VT ≥ 0 (always), P[VT > 0] = 0.70 > 0.
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Asset pricing (no arbitrage pricing) European derivatives and hedging
European derivative I
An european derivative is an assets having a payoff
XT = ϕ(S1,T , . . . , Sn,T ) at time T .
t T
XT
time
cash flow
Example:
ZCB with maturity T : XT = 1
Forward on Si with price Q: XT = Si ,T − Q
European Call on Si with exercise price K : XT = max(Si ,t − K , 0).
European Put on Si with exercise price K : XT = max(K − Si ,t , 0).
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Asset pricing (no arbitrage pricing) European derivatives and hedging
European derivative II
Payoff’s examples
1
Si,T
XT
ZCB
K
K
Si,T
XT
Put
Si,T
XT
Cap
Q
Si,T
XT
Forward
K
Si,T
XT
Call
Si,T
XT
Floor
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Asset pricing (no arbitrage pricing) European derivatives and hedging
Example I
Single period economy: two times t = 0 and T = 1.
3 assets with prices 95, 90 and 110 at time 0
3 states (ω1, ω2, ω3), with probabilities (0.3, 0.3, 0.4).
Prices of the assets at time 0 and 1:
Time 0 1
Scenario ω1 ω2 ω3
S1 95 100 100 100
S2 90 100 100 0
S3 110 -100 0 200
Probs 1.0 0.3 0.3 0.4
A derivative with payoff XT = max(S2,T − S1,T ,S3,T ):
Scenario ω1 ω2 ω3
XT 0 0 200
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Asset pricing (no arbitrage pricing) European derivatives and hedging
Example II
What is the time 0 price of the derivative?
Idea: find a self-financing portfolio V s.t. VT = XT almost surely, then Vt is
price for XT :
100α1 + 100α2 − 100α3 = 0, ω1
100α1 + 100α2 = 0, ω2
−100α1 + 200α3 = 200, ω3
Solution: α1 = −2, α2 = 2 and α3 = 0. That is, V = −2S1 + 2S2
V0 = −10.
Paolo Foschi (Univ. of Bologna) Risk Management I Feb-Mar 2017 39 / 122
Asset pricing (no arbitrage pricing) European derivatives and hedging
Example: dynamic replication I
We want to replicate an european call on S2 expiring at time T = 2
with strike 1 on the market
0.90
1.00
0.95
1.10
1.00
1.20
0.20
AA
1.00
1.00
0.00
AB
A
0.95
0.80
1.00
1.10
0.10
BA
1.00
0.50
0.00
BB
B
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Asset pricing (no arbitrage pricing) European derivatives and hedging
Example: dynamic replication II
Need to find the PF quantities α1, α2 at time 0 (the same for all
scenarios) and at time 1 for scenarios A = AA ∪ AB and
B = BA ∪ BB: α11: α10, α20, αA11, αA21, αB11, αB21.
Replicating constraints:
1.0αA11 + 1.2α
A
21 = 0.2, 1.0α
B
11 + 1.1α
B
21 = 0.1,
1.0αA11 + 1.0α
A
21 = 0.0, 1.0α
B
11 + 0.5α
B
21 = 0.0,
Self-financing constraints:
0.95α10 + 1.10α20 = 0.95α
A
11 + 1.10α
A
21
0.95α10 + 0.80α20 = 0.95α
B
11 + 0.80α
B
21
6 unknown, 6 equations.
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Asset pricing (no arbitrage pricing) European derivatives and hedging
Example: dynamic replication III
Solve the system
0.95 1.10 −0.95 −1.10 0 0
0.95 0.80 0 0 −0.95 −0.80
0 0 1.00 1.20 0 0
0 0 1.00 1.00 0 0
0 0 0 0 1.00 1.10
0 0 0 0 1.00 0.50


α10
α20
αA11
αA21
αB11
αB21
 =

0
0
0.20
0.00
0.10
0.00

Solution:
αA11 = −1.0000, αA21 = 1.0000, αB11 = −0.0833, αB21 = 0.1667,
α10 = −0.2120, α20 = 0.3194.
Resuming: V = α1S1 + α2V2 VT = XT ,
V0 = −0.2120 · 0.90 + 0.3194 · 1.00 = 0.1286.
Then it is possible to replicate the derivative’s payoff with a
self-financing PF having initial cost 0.1286.
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Asset pricing (no arbitrage pricing) European derivatives and hedging
Example: dynamic replication IV
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Asset pricing (no arbitrage pricing) European derivatives and hedging
Example I
Consider a one-period market with assets S1 and S2 and a payoff X :
Time 0 1
Scenario ω1 ω2
S1 100 90 120
S2 100 105 105
X ? 210 0
Probs 1.0 0.9 0.1
Replicate X1 = solve the system
90α1 + 105α2 = 210,
120α1 + 105α2 = 0,
That is: α1 = −7, α2 = 8 and X0 = 100.
Can we replicate any european derivative? Yes, ( 90 120105 105 ) is
non-singular: det(·) = −3150 6= 0 .
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Asset pricing (no arbitrage pricing) European derivatives and hedging
Example II
S2 is a risk-free asset: investing 100 gives 5% return risk-free.
Common sense tells that the value of an asset is the expectation of
the discounted payoff, but
X0 = 100 6= 0.90× 210
1.05
= 180.
Try to fix that approach. Find a probability q s.t.
1
1.05
(q · 210 + (1− q) · 0) = 100, ⇒ q = 105
210
= 0.5.
So X0 = E
Q [ 11.05XT ] with Q = {0.50, 0.50}.
But also S10 = E
Q [ 11.05S1T ] =
0.5·90+0.5·120
1.05
and S20 = E
Q [ 11.05S2T ] =
0.5·105+0.5·105
1.05
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Asset pricing (no arbitrage pricing) European derivatives and hedging
Example III
Better:
Xt = E
Q [
discount factor
S2t
S2T
payoff
XT ] for some probability Q.
Here S2 may even be risky, but it is necessary that S2T > 0 in any
scenario.
For instance, choosing S1
100 = q
100
90
210 + (1− q)100
90
0 ⇒ q = 90
210
= 0.4286.
while choosing S2
100 = q
100
105
210 + (1− q)100
105
0 ⇒ q = 105
210
= 0.5.
Q depends on the chosen discount factor.
Usually we choose the risk-free asset.
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Asset pricing (no arbitrage pricing) European derivatives and hedging
Example: arbitrage and pricing distribution
Consider a one-period market with assets S1 and S2 and a payoff X :
Time 0 1
Scenario ω1 ω2
S1 100 90 120
S2 100 130 130
Probs 1.0 0.9 0.1
This economy is not arbitrage free.
Indeed, consider the PF V = S2 − S1:
V0 = 0, V1 = 40 ω1,
V1 = 10 ω2.
Distribution Q. Find q s.t.
100 =
q90 + (1− q)120
1.30
⇒ q = −1
3
, (1− q) = 4
3
.
Not a probability distribution!!
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Asset pricing (no arbitrage pricing) Complete Markets
Complete Markets
Complete market
A market is complete if any european derivative can be replicated by
means of a self-financing portfolio.
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Asset pricing (no arbitrage pricing) Complete Markets
Example: incomplete market
Time 0 1
Scenario ω1 ω2 ω3
S1 95 100.00 40.00 40.00
S2 100 99.75 99.75 99.75
X ? 100.00 100.00 40.00
Find α1 and α2 s.t. XT = α1S1T + α2S2T
100α1 + 99.75α2 = 100
40α1 + 99.75α2 = 100
40α1 + 99.75α2 = 40
Impossible: this derivative does not have a replicating PF.
What can we do: find a portfolio that “minimize” the replication error.
Minimize the squared error E[(VT − XT )2]: real-world probs are relevant.
Minimize the worst case error maxω |VT − XT |
For continuous distributions one can minimize a quantile.
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Asset pricing (no arbitrage pricing) The fundamental theorems of asset pricing
Risk neutral measure
Let B = S1 be a risk-free asset (“bank account”)
Definition (Risk Neutral Measure)
The measure Q (equivalent to Pmkt) is a risk-neutral measure if
Vt
Bt
= EQ
[VT
BT
∣∣∣ Ft],
is a martingale for any european payoff VT .
Constant and deterministic risk-free rate:
dBt = rBtdt ⇒ Bt = B0ert
Discount factor BtBT = e
−r(T−t)
Vt = E
Q
[
Bt
BT
VT | Ft
]
= EQ [e−r(T−t)VT | Ft ]
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Asset pricing (no arbitrage pricing) The fundamental theorems of asset pricing
The Fundamental theorems
Theorem (1st Fundamental Theorem of Asset Pricing)
The market is arbitrage free if and only if it exists a risk neutral measure Q.
In that case a time-t arbitrage free price for a payoff XFT paid at time T
is given by
Vt = E
Q
[ Bt
BT
X
∣∣∣ Ft].
Theorem (2nd Fundamental Theorem of Asset Pricing)
The market is complete if and only if the risk neutral measure Q is unique.
No arbitrage and completeness implies a unique arbitrage free price
for any european contingent claim.
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Asset pricing (no arbitrage pricing) The fundamental theorems of asset pricing
Consider a continuous time market driven, in the risk-neutral
measure, by p brownian motions W1t , . . .Wpt with a risk-free asset
dBt = rtBtdt,
Consider a generic asset Vt :
dVt = µtVtdt + Vt
p∑
i=1
σi ,tdWit .
No arbitrage requires that Xt = Vt/Bt is a martingale.
dXt =
1
Bt
dVt − Vt
B2t
dBt +
Vt
B3t
〈dB2t 〉
=
Vt
Bt
(µtdt +
∑
i
σi ,tdWi ,t)− Vt
Bt
rtdt
= Xt((µt − rt)dt +
∑
i
σi ,tdWi ,t)
Martingale = null trend = µt = rt ⇒ Trend of V is rt
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Asset pricing (no arbitrage pricing) The fundamental theorems of asset pricing
Usually it is assumed that the risk neutral measure Q is able to price
any payoff VT ∈ FT
Vt = E
Q
t [
Bt
BT
VT ].
Then the stochastic process EQt [
Bt
BT
VT ] has trend rt , whatever the
payoff VT is.
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Fixed Income
Fixed Income
4 Fixed Income
ZCB, Rates and the Saving Account
Forward Contracts
Coupon Bonds
Floaters
Interest Rate Swaps
ZCB Options, Caps, Floors and Swaptions
Exercises
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Fixed Income ZCB, Rates and the Saving Account
ZCB
A Zero Coupon Bond expiring at time T gives one money unit at time T .
Pt(T ): value at t of a ZCB expiring at T .
Pt(T ): value at t of a money unit at time T .
Pt(T ) = E
Q
t
[
Dt(T )1
]
, Dt(T ) =
Bt
BT
= e−
∫ T
t
rsds
Dt(T ) is the stochastic discount factor for the period (t,T ).
t T
1
time
cash flow
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Fixed Income ZCB, Rates and the Saving Account
Interest Rates
ZCB expiring at T : At t: Pt(T ); at T : PT (T ) = 1.
Interest rates:
Simply compounded
1 = Pt(T )
(
1 + Rst (T )(T − t)
)
, Rst (T ) =
1
T − t
( 1
Pt(T )
− 1
)
.
Continuously compounded
1 = Pt(T ) exp
(
Rct (T )
)(T−t)
, Rct (T ) = −
1
T − t logPt(T ).
Simple compounding used for maturities smaller than 1 year
Continuous compounding used for maturities larger than 1 year
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Fixed Income ZCB, Rates and the Saving Account
Present Value
One monetary unit at time T is worth Pt(T ) monetary units at time
t (by no-arbitrage).
A fixed2 cash flow
(T1, c1), (T2, c2), . . . , (Tn, cn)
is worth, at time t < T ,
V (t) = c1Pt(T1) + c2Pt(T1) + · · ·+ cnPt(Tn).
t T1 T2 · · · Tn
c1
c2 cn
time
cash flow
2Fixed = known with certainty, non stochastic
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Fixed Income ZCB, Rates and the Saving Account
Decomposition (non-stochastic rates)
Let t < S < T and let PS(T ) be known in t
A ZCB(T) is worth
at time t: Pt(T ), at time S : PS(T ).
Two equivalent pfs:
pf1: Buy a ZCB(T) in t
pf2: in t buy δ = PS(T ) ZCB(S),
then in S get the notional and buy one ZCB(T).
time pf1 pf1
t Pt(T ) δPt(S)
S PS(T ) δ · 1 = PS(T )
T 1 1
The two pfs are equivalent, then Pt(S)PS(T ) = Pt(T ).
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Fixed Income ZCB, Rates and the Saving Account
The Saving Account (continuous compounding)
Put 1 dollar at t = 0 in bank at constant rate r .
At t the value is Bt = e
rt .
Bt solves:
d logBt
dt
= r or
d logBt
dt
=
1
Bt
dBt
dt
or in differential form
dBt = rBtdt, B(0) = 1.
If r is not constant (rt), then B solves
dBt = rtBtdt, B0 = 1.
that is
Bt = e
∫ t
0 rsds .
Note that
BT = Bte
∫ T
t rsds .
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Fixed Income Forward Contracts
Forward Contracts
In a Forward Contract an underlying XT is paid at time T against an
amount Qt fixed at time t < T .
t T
XT
−Qt
time
cash flow
The time-t value of the contract is
Vt = E
Q
t [Dt(T )XT ]− EQt [Dt(T )Qt ] = Xt − QtPt(T ),
where Xt is the present value of XT .
Usually, forward contracts are signed at par: Vt = 0.
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Fixed Income Forward Contracts
Forward Price
Vt = E
Q
t [Dt(T )XT ]− Pt(T )Qt
Definition (Forward Price)
The forward price at time t with maturity T for the underlying X is the
price in a forward contract that makes null the value of the contract.
Qt =
Xt
Pt(T )
, Xt = E
Q
t [Dt(T )XT ].
If the asset X pays dividends di at dates Ti ,
Xt = E
Q
t [Dt(T )XT ] +
∑
i
EQt [Dt(Ti )di ]
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Fixed Income Forward Contracts
Forward Rate Agreements
Forward rates are interest rates that can be fixed today (in t) for an
investment in a future time period (S ,T ).
Consider a forward contract with expiry S for a ZCB with maturity T :
t S T
PS(T )
−Qt
time
cash flow
t S T
1
−Qt
time
cash flow
since having PS(T ) in S is equivalent to have PT (T ) in T :
The forward price with expiry S for a ZCB with maturity T is given by
Qt(S ,T ) =
Pt(T )
Pt(S)
.
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Fixed Income Forward Contracts
Forward Rate Agreements
Qt(S ,T ) =
Pt(T )
Pt(S)
:
t S T
1
−Qt
time
cash flow
Rate of return: Rst (S ,T ) =
1
T−S (
1
Qt
− 1) = 1T−S ( Pt(S)Pt(T ) − 1)
Rate of return: Rct (S ,T ) =
1
T−S log
1
Qt
= 1T−S log
Pt(S)
Pt(T )
Note that:
Pt(T ) = Pt(S)Qt(S ,T )
Rct (T )(T − t) = Rct (S)(S − t) + Rct (S ,T )(T − S)
Rt(T ),Rt(S) and Rt(S ,T ) are known at time t
Paolo Foschi (Univ. of Bologna) Risk Management I Feb-Mar 2017 63 / 122
Fixed Income Forward Contracts
Instantaneous forward rate
Rst (S ,T ) =
1
T−S (
Pt(S)
Pt(T )
− 1)
Rct (S ,T ) =
1
T−S log
Pt(S)
Pt(T )
Instantaneous forward rate ft(S):
ft(S) = lim
T→S
Rst (S ,T ) = lim
T→S
Rct (S ,T ).
Then,
Qt(S ,T ) = exp(−
∫ T
S
ft(u)du)
Pt(S) = exp(−
∫ T
t
ft(u)du)
Recall: Pt(T ) = E
Q
t [exp(−
∫ T
t rudu)] with ru stochastic.
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Fixed Income Forward Contracts
FRA as Forwards on floating rates I
Definition
The LIBOR rate at time t for maturity T > t is the simply compounded return of
the corresponding ZCB:
Lt(T ) =
1
T − t
( 1
Pt(T )
− 1
)
Set t < T < S and consider a forward contract where the floating rate LT (S), at
time S against a rate ct fixed at time t (t < T < S). More precisely, a contract
having payoff
VS = (LT (S)− ct)(S − T ) at time S
=
( 1
PT (S)
− 1− ct(S − T )
)
, at time S
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Fixed Income Forward Contracts
FRA as Forwards on floating rates II
Now, since PT (S) is fixed at time T and the remaining quantities are known
since time s < T , then the value of that contract at time T is given by
VT = PT (S)
( 1
PT (S)
− 1− ct(S − T )
)
, at time T
= 1− (1 + ct(S − T ))PT (S) at time T
That is the contract is equivalent to a contract that pays 1 at time T and
−(1 + ct(S − T )) at time S > T :
t S T
1
−(1 + ct(S − T ))
time
cash flow
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Fixed Income Forward Contracts
FRA as Forwards on floating rates III
At time t that contract as value
Vt = Pt(S)− (1 + ct(S − T ))Pt(T ).
and the fixed rate making that value 0 is simply compounded rate forward rate:
ct =
1
S − T
( Pt(S)
Pt(T )
− 1
)
=
1
S − T
( 1
Qt(T ,S)
− 1
)
In that case, also, 1 + ct(S − T ) = 1Qt(T ,S) and then the contract is equivalent to
− 1Qt forwards on ZCB
t S T
1
− 1Qt
time
cash flow
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Fixed Income Coupon Bonds
Fixed Coupon Bonds
A Fixed Coupon Bond contract is specified by defining a set of
coupon dates: t = T0 < T1 < T2 < . . . < Tn = T and a coupon c .
At each date Ti , 0 < i ≤ n, the holder receives the payment
c(Ti − Ti−1). At maturity T he/she also receives a unit nominal
payment:
t T1 T2 · · · Tn−1 Tn
c c c
1 + c
time
cash flow
The value of a CB is given by
CBt(T ) = Pt(T ) + c
n∑
i=1
Pt(Ti )(Ti − Ti−1)
Note: each year the holder receive the amount c .
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Fixed Income Coupon Bonds
Par Bond
CBt(T ) = Pt(T ) + c
n∑
i=1
Pt(Ti )(Ti − Ti−1)
Depending on c , CBt(T ) can be either ≥ 1 or or ≤ 1.
The bond that quote “at-par”: CBt = 1 is called a Swap-Bond
(Par-Bond).
The coupon of the swap-bond is given by
ct(T ) =
1− Pt(T )∑n
i=1(Ti − Ti−1)Pt(Ti )
.
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Fixed Income Coupon Bonds
Some notes
CBt(T ) = Pt(T ) + c
n∑
i=1
Pt(Ti )(Ti − Ti−1)
Usually, coupons are paid semiannually (Ti − Ti−1 = 12), sometimes
annually (Ti − Ti−1 = 1) or quarterly (Ti − Ti−1 = 14).
There are CB paying coupons which are fixed (not floating) but not
constant in time: i.e. step-up or step-down schemes.
If a CB is a swap-bond at time t rarely it is a swap-bond also at some
other time s 6= t.
Often CBs are Swap-bonds when entering (signing) the contract.
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Fixed Income Floaters
The value of a Floating Rate
A contract that at maturity S > T > t pays some interests linked to the
Libor rate fixed at time T has value
VS = (S − T )LS(T ) =
( 1
PT (S)
− 1
)
, at time S
VT = 1− PT (S) at time T < S
Vt = Pt(T )− Pt(S) at time t < T < S
t S T
(S − T )LS(T )
time
cash flow
≡
t S T
1
−1
time
cash flow
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Fixed Income Floaters
Floating Rate Notes (Floating CB)
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Fixed Income Interest Rate Swaps
Interest Rate Swaps
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Fixed Income ZCB Options, Caps, Floors and Swaptions
Options on ZCB
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Fixed Income ZCB Options, Caps, Floors and Swaptions
Caplets/Floorlets
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Fixed Income ZCB Options, Caps, Floors and Swaptions
Caps and Floors
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Fixed Income ZCB Options, Caps, Floors and Swaptions
Swaptions
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Fixed Income Exercises
Esercizi I
Una azienda ha emesso un Bond con scadenza decennale e cedola del 4%.
Ora vuole aggiungere l’opzione di richiamare il bond alla pari dopo 5 anni.
Cioe`, fra 5 anni l’azienda avra` il diritto di richiamare il bond pagando il
valore facciale 1 e annullando cos`ı i successivi pagamenti cedolari. Non
potendo cambiare le clausole contrattuali del bond gia` emesso, puo`
comprare una “receiver swaption 5× 5” con strike 4%.
Dimostrare che il richiamo del bond alla pari corrisponde all’acquisto di tale
swaption.
Si consideri un FRA al tempo t con scadenza T e maturita` S > T > t, con
cash flow −K al tempo T e KeR∗(S−T ) al tempo S con R∗ dato. Scrivere il
valore Vt al tempo t del suddetto cash flow utilizzando prezzi di ZCB.
Trovare il valore di R∗ per cui il FRA ha valore nullo (Vt = 0).
Calcolare il valore Vt del punto precedente per t = 0, S = 4, T = 5,
K = 100, R∗ = 1.5% e P0(4) = 0.90 e P0(5) = 0.882. Calcolarne anche la
duration.
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Fixed Income Exercises
Esercizi II
Trovare il valore R∗ per cui il contratto del punto precedente quota alla pari.
Calcolare la duration del FRA risultante.
La curva dei tassi forward (in cap. semplice) e` la seguente:
F (0, 0/4, 1/4) = 0.010
F (0, 1/4, 2/4) = 0.010
F (0, 2/4, 3/4) = 0.015
F (0, 3/4, 4/4) = 0.020
F (0, 4/4, 5/4) = 0.020
F (0, 5/4, 6/4) = 0.015
F (0, 6/4, 7/4) = 0.015
F (0, 7/4, 8/4) = 0.010
Calcolare la curva dei prezzi ZCB, P(0, k/4, (k + 1)/4) (k = 0, . . . , 7)
Calcolare il tasso swap Rswap,0(2)
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Fixed Income Exercises
Esercizi III
Sempre utilizzando la curva forward dell’esercizio precedente, si consideri un
bond con scadenza 2 anni, cedola semestrale pari a 5 e valore facciale 100.
Calcolarne il prezzo
Calcolare la curva dei tassi spot R0(i/4), i = 0, . . . , 8
Calcolare la duration del bond.
Si consideri uno shift parallelo di un punto base (= 0.0001) e di un
punto percentuale (= 0.01) quanto cambia il prezzo del CB?
Confrontare la variazione con quella approssimata usando la duration.
Siano Cpt ,Flt e Πt i prezzi di un Cap, un Floor del corrispondente IRS. Si
dimostri la “parity” Cpt − Flt = Πt .
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Risk measurement
Risk measurement
5 Risk measurement
The setup
The notional approach
Factor Sensitivity approach
Stress Testing
Probabilistic approaches: Risk Measures
Value-at-Risk
Expected Shortfall or CVaR
Monte Carlo computation (not for 2016/17)
∆-Normal Approach
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Risk measurement The setup
The portfolio
N number of different type of Assets in the portfolio
Ai ,t (market) value at time t of i-th asset
at t, Ai,t is known, Ai,T , T ≥ t is uncertain (stochastic)
Ai,t known: mark-to-market vs mark-to-model
pii number of assets of type i in the pf at time t
Vt(pi) =
N∑
i=1
piiAi ,t
Risk measure:
ρ(pi) = risk-ness of pi
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Risk measurement The notional approach
Notional amount approach (Basel II)
Weighted mean of absolute value of position
Assign a weight to each asset
risk(pi) = p
∑
i
ci |piiAi ,t |
ci needs to be proportional to riskinees of Ai
In Basel II:
p = 8%,
c = .2 for AAA corporate bonds
c = 1.5 for B1 corporate bonds,
0 for AA sovereign (i.e. Germany), . . .
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Risk measurement Factor Sensitivity approach
Factor Sensitivity
The value of each asset is considered as a function of Risk Factors
Ex. stock price, a market index, interest rate price, volatility, time, . . .
The risk (w.r.t. a factor y) is measured as the sensitivity of the pf
risk(pi) =
∑
i
pii
∂Ai
∂y
Pro Easy to implement.
Cons Comparison of sensitivities w.r.t. different factors is not easy
Cons Only a local information: valid only for small movements of y
Ex. Sensitivity of a bond w.r.t. interest rate is bond’s duration
Ex. Sensitivity of an option w.r.t. underlying is option’s Delta
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Risk measurement Stress Testing
Stress testing
Determine a set of risk factors y ∈ Rk : Ai ,t = Ai (yt)
Fix a set of possible future scenarios: y1T , y
2
T , . . . , y
m
T .
Compute the P&L in worst possible case:
risk(pi) = min
k
∑
i
pii
(
Ai (y
k
T )− Ai (y0)
)
Semi probabilistic approach: how to decide scenarios?
In complete markets: pricing does not involve probabilities (real
world), but scenarios.
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Risk measurement Probabilistic approaches: Risk Measures
The Profit and Loss distribution
Let Vt be the value at t of a pf
For an horizon ∆, the profit and loss is the r.v. PLpi,∆ = Vt+∆ − Vt .
We are interested on the conditional density of PL given a state in Ft
t t +∆
time
Vt
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Risk measurement Probabilistic approaches: Risk Measures
Risk measure
Given a pf pi, we need a measure for its riskiness:
risk(pi) = ρ(PLpi,∆)
PLpi,∆ is a random variable
ρ is a functional on a space of random variables
law-invariance: ρ(X ) is a function of the distribution of X
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Risk measurement Probabilistic approaches: Risk Measures
Some risk measures: Standard Deviation & C
Standard Deviation:
ρ(X ) =
√
E[(X − µX )2]
Insensitive to money shifts. Symmetric (depends on both tails)
Standard semi-deviation:
ρ(X ) =
√
E[(X − µX )21X<µX ]
Insensitive to money shifts Affected by left tail only
or
ρ(X ) = −µX + a
√
E[(X − µX )21X<µX ], a > 0.
Affected by left tail only
Translation equi-variance: ρ(X +m) = ρ(X )−m
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Risk measurement Value-at-Risk
Quantiles
The distribution function of X is FX (x) = P[X ≤ x ]
FX is increasing, right-continuous with values on [0, 1]
FX continuous and strictly increasing, then FX is invertible
The inverse of FX is the quantile function:
qα(X ) = F
−1
X (α), α ∈ [0, 1]
1 2 3 4 5
0.5
1
x
FX (x)
0.5 1
2
4
6
α
qα
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Risk measurement Value-at-Risk
α = 10%
x
fX (x)
α = area
qα = position of the right extreme
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Risk measurement Value-at-Risk
Properties of quantiles
a, b constants and a > 0, then
qα(aX + b) = aqα(X ) + b
Standardisation: X ∼ (µ, σ2), Z = X − µ
σ
, then
qα(X ) = µ+ σqα(Z )
if g is strictly increasing, then
qα(g(X )) = g(qα(X ))
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Risk measurement Value-at-Risk
Value at Risk
Definition (Value at Risk)
Let X be a P&L for the horizon ∆ and α ∈ [0, 1] a confidence level
The Value at Risk of X for the level α is given by
VaRα(X ) = −qα(X )
Pro Affected by left tail only
Pro Positive homogeneity: VaR(bX ) = bVaR(X ) for b ≥ 0
Pro Translation equi-variance: VaR(a+ X ) = −a+ VaR(X )
Cons VaRα is not sub-additive (no diversification effects):
VaRα(X1 + X2) 6≤ VaRα(X1) + VaRα(X2)
Cons Depend on one point only (of the left tail)
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Risk measurement Value-at-Risk
Examples
Let Z ∼ N(0, 1),
VaRα(Z ) = −Φ−1(α),
where Φ is the CDF of N(0, 1)
X ∼ N(µ, σ2): X = µ+ σZ for some Z ∼ N(0, σ2):
VaRα(X ) = −qα(X )
= −qα(µ+ σZ )
= −µ− σqα(Z ) = −µ− σΦ−1(α)
X ∼ tg -student
Analogously.
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Risk measurement Expected Shortfall or CVaR
Expected Shortfall
ESα(X ) :=
1
α
∫ α
0
VaRu(X )du
=− 1
α
∫ α
0
qu(X )du
α
2
4
6
α
VaRα
ES = average of VaRs for levels not exceeding α
or, Conditional VaR (CVaR)
Lemma (ES = CVaR)
If X is absolutely continuous, then
ESα(X ) = −E
[
X | X ≤ VaRα(X )
]
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Risk measurement Expected Shortfall or CVaR
Remark
If U ∼ Unif(0, 1) and FX is an invertible CDF.
Then, Y = F−1X (U) has CDF FX :
P[Y ≤ y ] = P[F−1X (U) ≤ y ] = P[U ≤ FX (y)] = FX (y).
Proof of ES=CVaR.
E
[
X | X ≤ qα(X )
]
= E
[
F−1X (U) | F−1X (U) ≤ qα(X )
]
= E
[
F−1X (U) | U ≤ α
]
=
1
P[U ≤ α]
∫ α
0
F−1X (u)du
=
1
α
∫ α
0
qu(X )du = −ESα(X )
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Risk measurement Expected Shortfall or CVaR
Properties of ES
Recall: VaRα(a+ bX ) = −a+ bVaRα(X )
Analogously:
ESα(a+ bX ) =
1
α
∫ α
0
VaRu(a+ bX )du
=
1
α
∫ α
0
(
− a+ bVaRu(X )
)
du
= −a+ b ESα(X ).
Positive homogeneity and translation equivariance properties hold.
Furthermore, ES is sub-additive: ESα(X + Y ) ≤ ESα(X ) + ESα(Y ).
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Risk measurement Expected Shortfall or CVaR
Properties: ES vs VaR
qα is increasing in α
VaR is decreasing in α:
VaR5%(X ) ≤ VaR1%(X )
ES is decreasing in α:
ES5%(X ) ≤ ES1%(X )
ES is more conservative:
ESα(X ) ≥ VaRα(X )
ESα VaRα
x
fX (x)
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Risk measurement Expected Shortfall or CVaR
Standardization and computation of VaR and ES
Let X ∼ (µ, σ2) and
Z =
X − µ
σ
for ρ = ES or ρ = VaR, then
ρ(X ) = −µ+ σρ(Z ).
Usually, X changes over time, but Z is more stable.
Less parameters that affects the computations.
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Risk measurement Expected Shortfall or CVaR
VaR and ES under the Normal Distribution
Z ∼ N(0, 1), ϕ PDF, Φ CDF
Φ and Φ−1 have no explicit expression, but numerical approximations
are available
normcdf, norminv in Matlab; pnorm, qnorm in R
Note that ϕ′(x) = −xϕ(x),
Then, ESα(X ) = − 1αϕ(Φ−1X (α)):
ESα(x) = −E[X | X ≥ VaRα(X )]
= − 1
α
∫ VaRα(X )
−∞
xϕ(x)dx =
1
α
∫ VaRα(X )
−∞
ϕ′(x)dx
=
1
α
ϕ(VaRα(X )) =
1
α
ϕ(−Φ−1X (α))
=
1
α
ϕ(Φ−1X (α))
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Risk measurement Expected Shortfall or CVaR
α 0.95 0.99 0.999
VaRα(Z ) 1.645 2.326 3.090
ESα(Z ) 2.063 2.665 3.367
0.1
1
2
3
α
VaR,ES
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Risk measurement Expected Shortfall or CVaR
VaR and ES under t-distributed returns
TO BE DONE
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Risk measurement Monte Carlo computation (not for 2016/17)
Estimation/MC Computation
An estimator for the qα(X ) can be computed as follows.
Given a sample X1,X2, . . . ,Xn ∼ iid X
Compute the order statistics (sort the sample): X(1),X(2), . . . ,X(n)
The element at the nα-th position is the sample quantile:
qˆα = X(αn).
For instance, if n = 1000 and α = .05, the estimator is qˆ5% = X(50).
The sample can be obtained
by simulating from a parametric distribution (Monte Carlo)
from an historical sample (Estimation)
by resampling an historical sample (historical Monte Carlo, bootstrap)
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Risk measurement Monte Carlo computation (not for 2016/17)
Example/Implementation (not for 2016/17)
Compute VaRα(X ) for X ∼ N(µ, σ2) by a Monte Carlo method.
VaRmc <- function( mu , sigma , alpha , M ) {
x <- rnorm(M, mean=mu , sd=sigma);
return(quantile(x, probs=alpha))
};
Suppose we have observed x1, x2, . . . , xn (historical realizations). Then we
can compute the Historical VaR as
quantile(x, probs=alpha)
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Risk measurement Monte Carlo computation (not for 2016/17)
Example 2. (not for 2016/17)
We want to compute the 1-week Historical VaR1% of the FTSE MIB.
1. Get weekly quotations of FTSE MIB from Yahoo finance
2. Run the following
## FTSEMIB.csv contains weekly FTSEMIB quotations
## downloaded from Yahoo Finance $
ftse <- read.csv(file="FTSEMIB.csv");
V <- ftse$Close;
X <- diff(V);
quantile(X, alpha =.01)
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Risk measurement Monte Carlo computation (not for 2016/17)
Estimation for the ES (not for 2016/17)
X1,X2, . . . ,Xn ∼ iid X the sample
X(1) ≤ X(2) ≤ · · · ≤ X(n) ordered sample
The estimator
ÊSα = − 1
[nα]
∑
i≤nα
X(i) recall that ESα = −E[X | X ≤ qα(X )].
is a consistent estimator for ESα.
The conditional expectation is replaced by its sample version.
Again, different the methods are available for obtaining the sample: MC,
historical estimation, resampling (historical MC).
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Risk measurement Monte Carlo computation (not for 2016/17)
Example (not for 2016/17)
We want to compute the 1-week Historical ES1% of the FTSE MIB.
## FTSEMIB.csv contains weekly FTSEMIB quotations $
ftse <- read.csv(file="FTSEMIB.csv");
V <- ftse$Close;
X <- diff(V);
oX <- sort(X); # oX is the ordered sample
n <- length(X);
k <- 0.01 * n; # ES is equal to the mean of
mean( oX[1:k] ) # the first k elements of oX
we can define a function
es <- function(x, alpha) {
ox <- sort(x);
k <- alpha*length(x);
return(mean(ox[1:k]))
}
es(diff(V) ,0.01) # Compute the 1%-ES
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Risk measurement Monte Carlo computation (not for 2016/17)
Example: Historical simulation (not for 2016/17)
ftse <- read.csv(file="FTSEMIB.csv"); # $
V <- ftse$Close;
X <- diff(V);
M <- 200; # Nr. of samples
xx <- sample(X, M, replace=TRUE)
quantile(xx , 0.01)
es(xx ,0.01)
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Risk measurement Monte Carlo computation (not for 2016/17)
Example: weighted historical simulation (not for
2016/17)
When doing the resample use probabilities proportional to the
weights: wt = e
−λ(t0−t)
Recent observations are sampled with higher probability.
ftse <- read.csv(file="FTSEMIB.csv");
V <- ftse$Close;
X <- diff(V);
t <- as.POSIXct(ftse$Date);
d <- as.numeric(Sys.time()-t[-1])/365; # d = t0 -t
M <- 200; # Nr. of samples
lambda <- 0.5;
w <- exp( -lambda*d); # Exponential weights
w <- w / sum(w);
xx <- sample(X, M, replace=TRUE , prob=w)
quantile(xx, 0.01)
es(xx ,0.01)
Paolo Foschi (Univ. of Bologna) Risk Management I Feb-Mar 2017 108 / 122
Risk measurement ∆-Normal Approach
Portfolio Returns
VT =
∑
i piiAi ,T , Vt =
∑
i piiAi ,t Ri ,t = (Ai ,T − Ai ,t)/Ai ,t
Then,
PL =
∑
i
pii (Ai ,T − Ai ,t) =
∑
i
piiAi ,tRi ,t = Vt
∑
i
wiRi ,t
where wi =
piiAi ,t
Vt
is the weight of the i-th asset on the initial pf.
PL = Vtw
TR,
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Risk measurement ∆-Normal Approach
∆-Normal approach
∆-normal approach
PL = Vtw
TR, R ∼ N(µ,Σ).
Then,
PL ∼ N(VtwTµ,V 2t wTΣw).
It is sufficient that PL = wTY , with w ,Y ∈ Rd , d ≤ N.
d < N by dimension reduction (es. PCA)
d < N by linearization of non-linear assets (i.e. options)
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Risk measurement ∆-Normal Approach
∆-normal stocks
Empirically it is observed that E[R] σ(R) for short horizons (1 day
or 2 weeks)
Assume that: µ = E[R] = 0.
Estimating µ produces a much larger statistical error.
Then,
PL ∼ N(0,V 2t wTΣw)
and
VaRα(PL) = |zα|
√
wTΣw ,
ESα(PL) =
φ(zα)
α
√
wTΣw ,
where zα = Φ
−1(α).
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Risk measurement ∆-Normal Approach
Risk factors and mapping
In general a probabilistic model is given by
Vt = V (y t) = V (y1t , y2t , . . . , ydt)
where
y is the vector of risk-factors (random)
V is the risk-mapping function
Risk factors can be: prices, (log-)returns or absolute quantities.
Distribution for y → Distribution for PL → Risk measure for PL.
The first step can be tackled by means of the ∆ or ∆− Γ
approximations.
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Risk measurement ∆-Normal Approach
Taylor expansions and ∆, ∆− Γ methods
Taylor
∆V = V (yT )− V (y t) is given by
∆V = gT∆y + O(‖∆y‖2) = gT∆y + 1
2
∆yTH∆y + O(‖∆y‖3)
where
∆y = yT − y t , g =
∂V
∂y
∣∣∣
y t
and H =
∂2V
∂y∂yT
∣∣∣
y t
.
The approximation gT∆y leads to a ∆-method
The approximation (gT∆y + 12∆y
TH∆y) leads to a ∆-Γ-method
∆-normal: ∆y ∼ N(·, ·) and ∆V ' gT∆y .
∆-Γ-normal: ∆y ∼ N(·, ·) and ∆V ' (gT∆y + 12∆yTH∆y).
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Risk measurement ∆-Normal Approach
∆-normal
PL = ∆V ' gT∆y , ∆y ∼ N(µ,Σ)
g fixed
∆V ∼ N(gTµ, gTHg)
∆-Γ-normal
PL = ∆V ' gT∆y + 1
2
∆yTH∆y , ∆y ∼ N(µ,Σ)
g ,H fixed
When y is a scalar,
∆V is a rescaled and translated non-centered χ2 distribution.
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Risk measurement ∆-Normal Approach
∆-Γ-Normal (Not for 2016/17)
Observation
1
2
V ′′x2 + V ′x =
1
2
V ′′
(
(x + η)2 − η2)
where η = V ′/V ′′.
x ∼ (µ, σ2) then u2 = ( x+ησ )2 ∼ χ2NC ((µ+ησ )2).
1
2
V ′′x2 + V ′x =
1
2
V ′′
(
(x + η)2 − η2) = 1
2
V ′′(σ2u2 − η2)
In the scalar ∆-Γ-normal method the PL is approximated by an affine
tranformation of a non-central χ2.
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Risk measurement Example: VaR and ES for a Call
Example: the VaR and ES of a Call Option I
Our pf is given by a Call option on a underlying St : Ct = C (St).
We assume a B&S model for S (log-returns)
St+∆t = Ste
RS , RS ∼ N
(
(µ− 1
2
σ2)∆t, σ2∆t
)
.
and for C :
C (S) = StΦ(d+)− e−r(T−t)KΦ(d−),
d± =
1
σ
√
T − t
(
log(S/K ) + (r ± 1
2
σ2)(T − t)
)
.
The PL is given by PL = ∆C = C (St+∆t)− C (St)
This an approximation that holds for ∆t  T − t (why?)
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Risk measurement Example: VaR and ES for a Call
Example: the VaR and ES of a Call Option II
Then:
PL(RS) = C (Ste
RS )− C (St)
Note: C is increasing in S and St+∆t is increasing in R
S , then PL is
increasing in RS . A quantile for PL can be computed by applying the same
transformation to the quantile of RS .
Alternatively, by using a MC, generate M iid samples from RS and apply the
function PL to them.
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Risk measurement Example: VaR and ES for a Call
Code
require("fOptions")
dt <- 1/52; sigma <- 0.1; r <- 0.02;
S0 <- 1; K <- 1.1; T <- 1/2;
C <- function( RS ) { # The B&S Function
GBSOption(TypeFlag="c", S=exp(RS),
X=K, Time=T, r=r, b=r, sigma=sigma)@price
}
RS <- rnorm (1000, 0, sigma*sqrt(dt));
PL <- C(RS) - C(0);
levels <- seq (0.002 ,0.2 ,by =.002);
VaRMC <- -quantile(PL , probs=levels );
qRS <- qnorm(levels , 0, sigma*sqrt(dt));
VaR <- -( C(qRS) - C(0) );
plot( VaR ~ levels , type="l", col=’blue’);
lines( VaRMC ~ levels ,col="red" )
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Risk measurement Example: VaR and ES for a Call
Output
The VaR (exact and MC) for the PL of a Call
0.00 0.05 0.10 0.15 0.20
0.
00
15
0.
00
25
levels
V
aR
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Risk measurement Example: VaR and ES for a Call
∆-normal method
The Call PL is given by
PL(R) = C (Ste
R)− C (St)
The derivative computed at St (i.e. R = 0) is given by
∂PL
∂R
= C ′(St)St .
Then, the PL is given by
PL ' C ′(St)StRS , RS ∼ N(·, σ2∆t).
For small ∆t, the trend does not affect the results. In order to avoid
estimation issue, the trend is forced to be null.
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Risk measurement Example: VaR and ES for a Call
∆-Γ-normal method
Approximate the PL at the second order:
PL = C (St+∆t)− C (St)
' C ′(St)∆S + 1
2
C ′′(St)(∆S)2
Now, approximate ∆S = StR
S
Then,
PL ' C ′(St)StRS + 1
2
C ′′(St)S2t (R
S)2 ' δStRS + 1
2
γS2t (R
S)2
where
δ = C ′(S) is the option’s delta,
γ = C ′′(S) is the option’s gamma.
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Risk measurement Example: VaR and ES for a Call
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